Solute transport in soils is commonly simulated with the advective-dispersive equation, or ADE. It has been reported that this model cannot take into account several important features of solute movement through soil. Recently, a new model has been suggested that results in a solute transport equation with fractional spatial derivatives, or FADE. We have assembled a database on published solute transport experiments in soil columns to test the new model. The FADE appears to be a useful generalization of the ADE. The order of the fractional differentiation reflects differences in physical conditions of the solute transport in soil.
Introduction
Advection and hydrodynamic dispersion are considered to be the dominant mechanisms of solute transport in the vadose zone, i.e. the variably saturated layer of soils and sediments between the soil surface and the aquifers [1] . The advection is associated with the average water flux or velocity. The hydrodynamic dispersion is conceptualised as a diffusion-like process and can be interpreted as the result of the Brownian motion of solute particles [2] . Under these assumptions, the parabolic advective-dispersive equation (ADE) . The ADE has served as the theoretical framework to model the fate and transport of chemicals, and to address critical environmental issues stemming from agricultural practices or waste disposal operations in last decades [1] . The ADE fails to capture some important features of solute transport in soils [3] [4] [5] [6] [7] [8] . On the one hand, the dispersion coefficient tends to increase with the distance of solute concentration observations. This is often mentioned as the scale effect on the dispersion process [9] . On the other hand, solute concentrations at the outlet of the soil columns approach expected asymptotic values slower than predicted by the ADE; the phenomenon is known as heavy tailing [10] [11] [12] . Such behaviour is sometime referred to as the anomalous or the non-Fickian dispersion.
The basic assumption of the ADE models for the transport of contaminants through soil is that the movements of solute particles are characterized by the Brownian motion [2] . The complexity of pore space in natural porous media makes the hypothesis of the Brownian motion far too restrictive in some cases. It has been suggested that, in the soil matrix, high velocity regions tend to be spatially continuous at all scales, and therefore a solute particle travelling faster than the mean is likely to do that over large distances. Similarly, slower particles are trapped in stagnant zones before they have a chance to move in the general direction of the flow. Invoking the notion of the Lévy motion can simulate this type of solute particle transport. The Lévy motion is a broader framework compared with the Brownian motion, and includes the persistence in movements of solute particles. Significant deviations from the mean are more likely to occur in Lévy motions than in the Brownian movement [13, 14] . These features make Lévy motion an attractive generalization of Brownian motion when describing solute transport in porous media [9, 15] . Brownian motion is a specific case of the Lévy motion.
Similarly to the ADE that can be derived assuming Brownian motion [2] , solute transport equations can be derived for Lévy motions [16] [17] [18] [19] [20] [21] [22] . These equations include fractional derivatives. The one-dimensional version of the fractional advective-dispersive equation (FADE) with symmetric dispersion is
], the superscript a is the order of fractional differentiation, 1 < a 6 2, c is the for the right-sided fractional derivative. Here, m is the integer such that m À 1 < a 6 m, C is the gamma function and A and B are real numbers. Let us remark that in the case a = 2 the FADE reduces to the ADE.
The FADE as a model to simulate solute transport in soils has been applied to data from both laboratory and filed-scale experiments [20, 18, 9, [24] [25] [26] [27] [28] [29] . Laboratory data are obtained from the so called miscible displacement experiments, in which the tracer solution infiltrates into originally tracer-free soil columns, and the dependence of the tracer concentration at the outlet on time, or breakthrough curve (BTC), is measured during the infiltration.
Most of the applications of the FADE to the solute transport todate rely on analytical solutions of the initial value problem in the infinite domain. However, in many practical applications initialboundary value problems in a finite domain need to be considered and numerical solutions are required. Several methods had been developed to solve the FADE numerically in the past few years [30] [31] [32] 27, 33, 34, 28, 29] .
The objective of this work was to compare the performances of both the classical model (ADE) and the fractional one (FADE) using a mass-conserving boundary condition and the numerical solution. We used published breakthrough data from miscible displacement experiments.
Numerical solution of FADE for soil columns
To derive a numerical scheme to solve FADE for finite length soil columns, we make use of Grünwald definitions of the left-and the right-sided fractional derivatives (3) and (4); for 1 < a 6 2 they are, respectively,
where M ± are positive integers,
L is the length of the column. We have chosen A = 0 and B = L in Eqs. (3) and (4), respectively. The Grünwald weights g k are defined as
In order to setup a numerical scheme let M be a nonnegative integer, h a real number such that h = L/M and x = ih, i = 0,1,. . . , M, for 0 6 x i 6 L; also t n = nDt, so that c n i ¼ cðx i ; t n Þ. For the purpose of obtaining a stable numerical scheme, we used the shifted Grünwald approximation to the left-sided fractional derivatives (5) [33, 34] 
and the shifted Grünwald approximation to right-sided fractional derivatives (6)
In these expressions g k stand for the Grünwald weights (7). These approximations can be used in an explicit finite difference scheme for FADE
Note that for a = 2, expressions (8) and (9) reduce to the standard centred difference formula for the second derivative and the explicit finite difference scheme (10) reduces to the standard explicit finite difference scheme for ADE. In the internal points of the spatial domain, (i = 1,. . ., M À 1), one has
Here B = DDt/2 h a and E = vDt/h. The stability condition is mDt/ h + aDDt/h a 6 1.
Boundary conditions are needed to obtain the system of linear equations to find c nþ1 i (11) . When the analytical solutions of ADE are used with data from the miscible displacement experiments, the common approach is to use the solution for the semi-infinite domain, and to fit the simulated time series of the solute concentrations at the column outlet distance to the experimental BTC [35] . We followed this approach using numerical solutions by setting the zero concentration at the right boundary and moving it far enough, so that the concentration at this boundary at the end of the transport simulations would not be greater than 10 À6 of the maximum inlet concentration. At the inlet, the nodal concentrations were set to provide mass conservation [29] . If M n ins corresponds to the solute mass inside the column at the time step n and M ent stands for the solute mass that has entered the transport domain at one time step, the conservation of the mass requires that 
When the tracer is injected into the soil column during the pulse time duration, t p , one has M ent = mDt for any timestep n such that n, Dt is smaller than t p and M ent = 0 otherwise. For a continuous pulse, t p is infinite.
Data source and fitting procedure
We used published data on 53 breakthrough curves from seven experiment sets. Table 1 presents the information about experimental conditions. These experiments corresponded to miscible displacement in columns for a variety of soils (see Table 1 ) having different textures. The lengths and the diameters of the columns varied between 10 and 84 cm and between 3.5 and 30 cm, respectively. Soil structure was natural in some columns, and was artificial, or disturbed, in others. Both water-saturated and unsaturated soils were used in the experiments. Chloride, tritium and bromide were the tracer ions. The flow velocities ranged between 0.015 and 29.4 cm h À1 (Table 1 ). The BTC data points were obtained by digitizing graphs found in the selected publications. The digitizing was made in triplicate. Coefficients of variation within the replications did not exceed 0.1%.
The range of a's (1 < a 6 2) was scanned in increments of 0.05. For each value of a, D f and m were estimated using a version of the Marquardt-Levenberg algorithm [43] to minimize the rootmean-squared error (RMSE):
where N is the number of observations. , and similar saturation degree of 0.550 and 520 water content, respectively [41] . The simulated BTC are compared with measured BTC in the plots 1B (high flow) and 1C (slow flow) for the values of a, D f and m corresponding to the minimum RMSE. In both cases the minimum RSME were 0.010. In the case of high flow rates (Fig. 1B) this minimum value was attained with a = 2.0 and with a = 1.75 (Fig. 1C) in the case of low flow.
Overall, the FADE, as a general model that includes the ADE, accurately simulates experimental breakthrough curves from miscible experiments in soil columns. In this study, 31 out of 53 breakthrough curves are fitted with the RMSE less than 0.019 and the largest RSME is 0.072 (see Table 1 ).
From the 53 experimental BTCs considered, 28 are better fitted with a smaller than 2.00, i.e. with the FADE, and 25 are best fitted with a = 2.00, i.e. with the classical ADE. This suggests the necessity to use the FADE rather than the ADE as a general framework to simulate solute transport in soil. The differences in values of the optimal parameter a presumably reflect different degrees of complexity of the solute particles movement in soil. The latter, in turn, might reflect the differences in the hierarchical structure of soil pore space for each particular case. Relating a to pore space geometry presents an interesting research avenue to explore. Data on soil pore space tomography coupled with the column transport data can be very useful in this respect.
Optimal values of a tended to vary with type of soil, type of tracer, flow velocity and saturation degree. For the Oakley soil from
Ref. [36] , a was 1.15 while it was 2.00 for the others soils of this dataset, except in the case of the Yolo soil with highest flow velocity (1.89 cm h
À1
). In the dataset from Ref. [38] the optimal values of a for Beotia BTC's were lower than for Aberdeen soils; these values were between 1.05 and 1.45 for Beotia soils while a was between 1.85 and 2.00 for Aberdeen soils. There was also a substantial difference between Molokai and Wahiawa soils from Ref. [39] . In the case of the dataset from Ref. [40] the highest values of a corresponded to disturbed Maury and Pembroke soils under saturated conditions and chloride as a tracer.
Values of a were larger for tritium than for chloride. This was the case for the experiments in [37] under the same saturated conditions and also for the Maury (with high water content), Eden (with high water content) and Pembroke soils of the experiments in [40] . One reason for that may be the difference between pore spaces available to these two tracers. Chloride transport is affected by the anion exclusion that greatly decreases its concentrations in the vicinity of charged surfaces of soil particles. The degree of soil saturation with water affected the optimum value of parameter a. In general, unsaturated soils had values of a smaller than two. This trend is particularly clear in the experiments from [38] . For the same soil, a decrease in the saturation degree produced a decrease in the optimum value of parameter a, e.g. data from [37, 42] . The decrease in the saturation degree may create more complex pathways of the solute movement after emptying the large pores that dominate transport in saturated soil. There was some interplay between effects of flow velocity and soil water saturation. The increase in the optimum value of a with the increase in flow velocity was observed with data from [36, 39, 42] . Lower values of a were related to lower flow velocities in the dataset from [41] . At the same saturation degree, one may expect the increase in pore water velocity to result in a more distinct separation of the pore space into slow-and high-speed transport zones, and therefore a larger probability for values of a to have values less than 2.
Conclusions
The FADE constitutes a broad framework that includes the ADE and considers solute particles undergoing motions that are more complex than Brownian motion. Differences in values of the parameter a presumably reflect differences in hierarchical geometries of soil pore spaces. The FADE has accurately simulated the breakthrough curves considered in this study. The values of a ran- ; B and C -measured (symbols [41] ) and simulated (solid lines) breakthrough curves of the high and low flow rates, respectively. The best fit was obtained for a = 2.0 in the case of high flow rates and a = 1.75 for the low flow case.
